Chaos is a typical nonlinear phenomenon, and its general feature is that the solution of a chaotic system is extremely sensitive to initial conditions. Since Lorenz discovered the first chaotic system, many chaotic systems have been discovered and studied. [1−3] Lü and Chen proposed a unified chaotic system, [3] which connects the Lorenz system with the Chen system. A unified chaotic system has many good features, [2, 4] and they have been widely investigated. [5−8] Synchronization has attracted much attention in recent decades, because it can be applied to many fields, such as secure communications [9] and laser dynamics. [10] In the study of synchronization many useful methods have been proposed. The driveresponse method, [11, 12] as a basic synchronization argument, was proposed by Pecora and Carroll, and is therefore also called the PC method. Generally, chaos control and chaos synchronization are different dynamics topics, [13] but there are close relations between them. [14] For example, one designs many useful different controllers to realize identical synchronization (IS) between two chaotic systems. [6, 15, 16] Feedback control is widely used in engineering, [17] and feedback synchronization is also widely studied. [4, 6] Feedback synchronization of general systems is a very important dynamical behavior, and it is realized to be related to the Lyapunov exponent of the uncontrolled system. [18, 19] The general form of this kind of system is as follows:ẋ = f (x) (1) which can be regarded as the drive system for synchronization dynamics. The response system can be written asẏ
where k(x, t) is a function matrix describing the coupling strength, and x, y ∈ R n ; k(x, t) can be chosen as the forms used in Refs. [4, 20] , and these feedback forms can induce different effects. Here we focus on the most simple form, that is,
In Refs. [18, 19] , the authors investigated the uniform diagonal coupling mechanism k = dI, that is,
They demonstrated theoretically that the relation between the leading Lyapunov exponent (LLE), λ max and the smallest coupling strength K c for the synchronizing drive system to response system can be written as a simple form
This equality reflects the connection between two inner quantities for system (1) . It is noted that relation (3) can not only be used for understanding the essence of feedback control, which controls all the unstable trajectories to the stable state asymptotically, but also has been extended to estimate the LLE for complex systems by Stefanski et al., [21, 22] such as delay systems, [23] which are not easy to be directly computed by traditional methods.
In this Letter, we use an adaptive synchronization mechanism [24, 25] to detect the complex behavior of the dynamical system. Firstly, in order to obtain a new quantity used here, we shall take the follow steps.
Step 1: Construct the auxiliary drive-response system of Eq. (1),
where Adaptive feedback is a kind of feedback control. In fact, Eq. (4) is a special form of Eq. (2), since
Step 2: Set initial values. Take k i (0) = 0, i ∈ Ω and other initial values are arbitrary.
Step 3: Time evolution. When t → ∞, we have
Here there is a demonstration (similar to Ref. [25] ). Assume that f (x) is continuous and satisfies the Lipschitz condition: there exists a positive constant M , such that
is the most unstable variable in all the system variables, we have
where µ is a positive number (of course, this inequality is not rigor-
2 . Then we
Of course, for each i ∈ Ω, k i (∞) is related to the initial value and m, so we rewrite these limit values
for given initial values, k i (∞)(m) there must exist a lower limit as m → 0. If we denote this lower limit by K, we obtain
For convenience, we call this the adaptive constant.
In what follows, we apply this notion to the unified chaotic system. According to Ref. [3] , the unified chaotic system can be written aṡ
This system connects the Lorenz system (α = 0) with the Chen system (α = 1), and the Lü system (α = 0.8) is also a special case. When 0 ≤ α ≤ 1, the unified systems are all in a chaotic state. [26] Case 1: complete feedback control. Next, we present the unified system with complete feedback control as follows:
According to the above steps, we can obtain the corresponding adaptive constant. In order to construct the auxiliary system, we select s = 2, Ω = {1, 2, 3}, that is, it has the same gain but different feedback controls of Eq. (7),
where m > 0 is constant.
We can obtain the adaptive constant by the above systems (7) and (8), according to the definition
To let m rapidly converge to zero, we select m as the power law form of cycling times l:
−4 . Figure 1 shows much useful information. With m decaying to zero, k(∞) oscillates around some value with a very small amplitude. Thus we can find that K 1 exists. Changing different initial values and selecting (3, 3, 3, 1, 1, 1) and (2, 1, 1, 3, 3, 3) as (x(0), y(0), z(0), x 1 (0), y 1 (0), z 1 (0)), we make the simulations twice. The simulation result shows that K 1 is robust to the initial value. These features are difficult to find; furthermore, they are also difficult to be proved in theory. (2, 1, 1, 3, 3, 3 ) (red), respectively.
Next, we examine the relation between adaptive constant and the two quantities. In Fig. 2 , we draw two lines: one is a plot of LLE versus α (blue line), and the other is a plot of K 1 versus α (green line). From Fig. 2 , we can clearly see that the two lines agree closely, which shows that the adaptive constant can be used to estimate the LLE of the original chaotic system. According to Eq. (3), the smallest coupling strength K c of the system (7) is equal to λ max . Therefore we can also make sure that K 1 can estimate the smallest coupling strength K c for system (7) with onegain-complete feedback control. Case 2: one-sided feedback control. In theory, we can add controls to the first or second equation in system (4). However, in practice, in order to make the controller simpler, [27] we would rather choose some most unstable variables [6] to add feedback control (e.g., one-sided feedback control), which is often effective in applications.
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One-sided feedback control is generally achieved by adding the feedback control to the most unstable variable of the system under consideration. In this case, we can find some interesting phenomena and results. For a unified chaotic system, its one-sided feedback control form can be written aṡ
For this kind of feedback control, we obtain the smallest coupling strength K c by two methods here. The first method is to compute LLE of the response system. According to Ref. [6] , K c is just the value of k satisfying that the LLE of response system (9) is equal to zero, that is, K c can be obtained by solving the equation λ max (k) = 0, where λ max (k) is the LLE of Eq. (9) with the coupling strength k. Using a traditional method (such as the Wolf method [28] ) to compute the LLE of the response system with feedback control, the smallest coupling strength can be obtained. [6] When α = 0, K c = 2.44; when α = 0.8, K c = 4.08; when α = 1, K c = 3.94.
The second method is through simulation. This method needs a good synchronization criterion. For example, we often use the average synchronization error σ = (1/T ) T t=1 |e(t)|, where, e(t) = (x 1 (t) − x(t), y 1 (t) − y(t), z 1 (t) − z(t)) after truncating a sufficient large scale time. However, the synchronization behavior of Eq. (6) is complex, and parameter α impacts on synchronization. As shown in detailed simulations, we can see that intermittent behavior in the vicinity of the synchronization threshold is more obvious as α becomes smaller from 1 to 0, demanding a larger time span to judge synchronization. Using this method, we can also obtain a series of K c values (see in Table 1 ).
Similar to the former work, if system (6) is regarded as an objective system, the auxiliary system can be modeled as follows:
which shows that s = 2, Ω = {2}. Through numerical stimulations, we also find that Eq. (10) can determine an adaptive constant K 2 , which is dependent on the system parameter α but independent of initial values. For the three cases: α = 0, 0.8, 1, we obtain K 2 = 2.74, 4.07, 4.04.
In Table 1 , we compare the values of K c by the LLE method and the simulation method to the values of K 2 for α = 0, 0.8, 1. From Table 1 , we can see that K 2 is very near to the simulation value, that is,
To further study K 2 , we examine the relation between K 2 and λ max of system (6) .
In simulations (see Fig. 3 ), we set ( 1, 1, 3, 3, 3) . Parameter α varies in the interval [0, 1] . Firstly, we draw the plot K 2 versus α. Next, 060505-3 for the same parameter series, we compute the corresponding LLE values, and protract the LLE series in the same plot. From Fig. 3 , we can find that K 2 distributes around two times λ max with some large deviations. These deviations are obvious around α = 0 and α = 0.8. Surprisingly, K 2 > λ max , which is not quite different from the complete feedback case. Perhaps onesided feedback control can control the most unstable direction, but cannot control the whole system even if k > λ max . In other words, K c > λ max according to Eq. (11) and we cannot give a precise estimation of the LLE in the case of one-sided coupled oscillators (9) , which is quite different from the case with complete feedback. Although the precise estimation of the LLE cannot be realized in practice [29] by this way, the smallest coupling strength (i.e. synchronization threshold) can be estimated by using other methods besides the above-mentioned ones, e.g. the master stability function. [30] From Fig. 3 , we also find that larger λ max cannot lead to larger K 2 or K c . For example, although λ max for α = 0.8 is greater than that for α = 0.7, we have K 2 for α = 0.8 being smaller than that for α = 0.7. As a kind of feedback control, its strength should be of positive correlation to the LLE of the drive system (6), but it is not the case, which is a surprising phenomenon.
In summary, we have proposed a new quantity K called the adaptive constant, which is generated by system (4), but determined by the uncontrolled system (1) in essence. K is related to chaotic behavior, so it can be regarded as a characteristic quantity.
An important chaotic system, the unified chaotic system, has been investigated. We examine the unified system with two kinds of feedback control forms, complete feedback control and one-sided feedback control. In simulations, for the former, we find that the adaptive constant is equal to the LLE of the unified system. By this result, we actually propose a new method to estimate the LLE rapidly. It should be emphasized that the unified chaotic system includes many chaotic systems with parameter α ∈ [0, 1], which makes our results from simulations possess a rather general meaning, and may be applied to other dynamical systems. For the latter kind, the obtained results (see Table 1 ) represent our unexpected results: both adaptive constant and the smallest coupling strength are equal to each other.
From the above, we can obtain a unified conclusion that K = K c holds for a unified chaotic system (at the moment without rigorous proof, though). Thus we propose a new method to estimate the smallest coupling strength and LLE. The new method is not only effective but also easy to use, and can be regarded as complementary to the simulation method.
